I deduce spin foams for real general relativity (all signatures) from that of complex general relativity by imposing the reality constraint that the square of areas be real. I derive the Barrett-Crane spin foam model for complex gravity. I demonstrate how to rigorously impose the cross simplicity constraint of Barrett-Crane. By imposing the area reality condition at the quantum level, I deduce spin foam model for all signatures of real general relativity. I point out two interesting models: extended real gravity and a Lorentzian spin foam model. Imposing reality condition [1] is a non-trivial problem in canonical quantum general relativity. In fact many of the recent advances [2] in canonical quantum general relativity have been made by converting the complex formulation of the theory to a real formulation by transforming the configuration variable, a complex SL(2, C) connection, to a real SU (2) connection through a Legendre transformation [3] . In quantum theory Lie operators are fundamental. In general relativity bivectors (quantized) are isomorphic to the Lie algebra (operators) of the relevant group. Using bivector valued 2-form fields instead of the space-time metric as a variable for general relativity [5] is one of the foundations of background independent quantum gravity ideas 1 . Since the bivectors in the background independent quantum formulations physically relate to the areas of 2-surfaces [6] as the fundamental relationship to geometry, the relationship of the value of areas to the reality of the theory is an important idea that needs to be investigated.
Imposing reality condition [1] is a non-trivial problem in canonical quantum general relativity. In fact many of the recent advances [2] in canonical quantum general relativity have been made by converting the complex formulation of the theory to a real formulation by transforming the configuration variable, a complex SL(2, C) connection, to a real SU (2) connection through a Legendre transformation [3] . In quantum theory Lie operators are fundamental. In general relativity bivectors (quantized) are isomorphic to the Lie algebra (operators) of the relevant group. Using bivector valued 2-form fields instead of the space-time metric as a variable for general relativity [5] is one of the foundations of background independent quantum gravity ideas 1 . Since the bivectors in the background independent quantum formulations physically relate to the areas of 2-surfaces [6] as the fundamental relationship to geometry, the relationship of the value of areas to the reality of the theory is an important idea that needs to be investigated.
One of the most investigated quantum model for general relativity is the Barrett-Crane spin foam model [7] , [8] . Let me briefly discuss the model as given in Ref: [7] . In the Barrett-Crane model quantum amplitudes are assigned to the simplices of a triangulated manifold. The quantum state of a simplicial triangulation is described by assigning representations of the gauge group to the triangles. In case of Riemannian general relativity the proper group is SO(4) whose representations are labelled by a pair of half integers (J L , J R ). To describe quantum general relativity one must enforce the simplicity constraint [9] , J L = J R (assume = J ). Then the squares of areas of triangles are given by the rotation group Casimir A J = J(J + 1) in some unit. In case of Lorentzian general relativity the representations [10] of SL(2, C) are labelled by a complex number χ = ρ + i n 2 where ρ is a real number and n an integer. The idea of simplicity requires ρn = 0 [11] . So we are allowed to assign only one of either χ = ρ or χ = i n 2 to each triangles. Based on this in Barrett and Crane have introduced various possible models [11] and two them have been discussed in more detail in [11] , [12] .
One puzzling observation that can be made is the difference in the way the simplicity constraint acts in case of Lorentzian and Riemannian general relativity. To resolve this difference, consider the eigen-values of the Casimir of SL(2, C) in the complex form,
The ρn is precisely the imaginary part of the Casimir. So if χ 2 − 1 is interpreted as the squares of areas of the triangles, then ρn = 0 simply constrains the squares of areas to be real. The situation is further clarified if I start from complex general relativity whose group is SO(4, C) labelled by two χ's: (χ L , χ R ). The Barrett-Crane simplicity constraint sets one of the the SO(4, C) Casimir's eigenvalues χ 2 L − χ 2 R /2 = 0, which in turn sets χ L = ±χ R (=χ say). Then by imposing the other Casimir's eigenvalues χ 2 L + χ 2 R − 2 /2 = χ 2 − 1 which correspond to square of areas, to be real, I deduce the quantum numbers that are to be assigned to the triangles of a Lorentzian spinfoam. In fact I can deduce the spinfoam models of general relativity theories corresponding to all maximal real subgroups of SO(4, C) in this way.
This article aims to develop Barrett-Crane spin foam model for complex general relativity and deduce spin foams for real general relativity starting form the spin foam of complex general relativity using square of area reality constraint. The constraint can be imposed at the continuum classical level by imposing the area metric to be real as will be discussed in this article. Since the area metric can be expressed as a function of bivector field, this reality constraint can be naturally combined with Plebanski's theory. I have done this analysis in Ref: [13] .
In section one, I develop the Barrett-Crane model for complex general relativity by solving the Barrett-Crane constraints. The simplicity constraint requires the Hilbert space associated to the vertices of intertwiners to be the space of L 2 functions on complex three sphere. I explicitly solve the Barrett-Crane cross simplicity constraint. The quantum amplitudes of a four simplex is given in terms of propagators on the complex three sphere. I describe various properties of the complex-spin foam model.
In section two I deduce quantum models for real general relativity by imposing the reality constraint on the complex spin foam model: Four different intertwiners for real general relativity emerge naturally; One for the Riemannian general relativity corresponds to the Barrett-Crane model of Riemannian general relativity [7] , two for the Barrett-Cranes model of Lorentzian general relativity [11] , [12] and one for the Kleinien general relativity(signature of metric + + −−) emerge naturally. The last intertwiner has been introduced for the first time.
In section three I discuss various issues and introduce possible future directions. There are two possible new quantum real general relativity models. One of them is a Lorentzian spin foam model which uses both the intertwiners for the Lorentzian quantum general relativity. I discuss one of the propagators of this model which is new. The second model is the extended real spin foam model which I would like to define to be made of splicing together quantum simplices of the various signatures.
1 Spin Foam of complex general relativity
Derivation
My goal here is to do spin foam quantization of complex general relativity. Spin foam models can be derived from appropriate discretized classical actions [14] , [15] . The relevant actions for complex general relativity has been discussed on a real submanifold of a complex manifold and analyzed in my work Ref: [13] . In the case of classical analysis the complex general relativity over a complex analytic manifold can be constructed by analytically continuing the fields on a real submanifold. But once the real section is discretized this concept of analytical continuation is does not seem natural. But I can still path integral quantize the discretized fields on the discretized real submanifold.
A quantization of the four simplex has been proposed by Barrett-Crane [7] . The bivectors E b associated with the ten triangles of a four simplices in a Riemannian space satisfy the following properties called the Barrett-Crane constraints, I would like to refer the readers to the original paper [7] for more details:
1. The bivector changes sign if the orientation of the triangle is changed.
2. Each bivector is simple.
3. If two triangles share a common edge, then the sum of the bivectors is also simple. Items two and three can be summarized as
where A ∧ B = ε IJKL A IJ B KL , which are referred to as the simplicity constraints. If i = j, I would like to refer this as to the self-simplicity constraint and if i = j. I would like to call them as the cross simplicity constraints.
4. The sum of the bivectors corresponding to the edges of a tetrahedra is zero. This sum is calculated taking into account the orientations of the bivectors with respect to the tetrahedra.
5. Six bivectors of any simplex sharing the same vertex are linearly independent.
6. The volume of a tetrahedron calculated from the bivectors is real and non-zero.
Barrett and Crane have shown that these constraints are sufficient to restrict a general set of ten bivectors E b so that they correspond to the triangles of a physical four simplex up to translations and rotations in a four dimensional Riemannian space.
A quantum four simplex is defined by quantizing the above constraints [7] . The bivectors B i are promoted to the Lie operatorsB i on the representation space of the relevant group and the Barrett-Crane constraints are imposed at the quantum level. A four simplex has been quantized and studied in case Riemannian SO(4, R) general relativity before [7] . All the first four constraints have been rigorously implemented in this case. The last two constraints are inequalities and they are difficult to impose. This is directly related to the fact that the Riemannian Barrett-Crane model revealed the presence of degenerate sectors [16] , [17] in the asymptotic limit [18] of the model . For these reasons here after I would like to refer to any quantum model general relativity that satisfies only the first four constraints as the essential Barrett-Crane model. While the Spin foam model which satisfies all the six constraints as rigorous Barrett-Crane model.
Here I would like to derive the essential Barrett-Crane model for complex general relativity. The procedure that I would like to use to solve the constraints can be carried over directly to SO(4, R) general relativity. The gauge group of complex general relativity is SO(4, C). The group SO(4, C) is locally isomorphic to
. An element B of Lie algebra space of SO(4, C) can be split into left and right handed SL(2, C)components, where the dot products are the trace in the SL(2, C) Lie algebra coordinates. The bivectors are to be quantized by promoting the lie algebra vectors to Lie operators on the unitary representation space of SO(4, C) ≈ SL(2,C)×SL(2,C) Z2
. The principal series representations [10] of group SL(2, C) has been discussed in appendix A. The unitary representations of SL(2, C) are labelled by a complex number χ = n 2 + i ρ 2 , where n is an integer and ρ is a real number and χ representation is equivalent to −χ representation [10] . The representations of SO(4, C) ≃ SL(2, C) ⊗ SL(2, C)/Z 2 are labelled by a pair (χ L , χ R ) such that n L + n R is even (appendix B ). The elements of representation space D χL ⊗ D χR are eigen states of the Casimirs and on them the operators reduce to the following:
The equation (2) implies that on D χL ⊗ D χR the simplicity constraint B ∧ B = 0 reduce to the constraint that χ L = ±χ R . Since a χ representation is equivalent to −χ representations [10] , χ L = +χ R case is equivalent to χ L = −χ R . I would like to find a representation space on which the representations of SO(4, C) are restricted precisely the constraint χ L = ±χ R . Consider a square integral function f (x) on the complex sphere CS 3 . It can be Fourier expanded in the representation matrices of SL(2, C) using the isomorphism CS 3 ≃ SL(2, C),
where the isomorphism g:
Using equation (4) I can consider the T χ (g(x))(z 1 , z 2 ) as the basis functions of L 2 functions on CS 3 . The matrix elements of action of g on CS 3 is given by (appendix B)
I see that the representation matrices are precisely those of SO(4, C) only restricted by the constraint χ L = −χ R ≈ χ R . So the simplicity constraint effectively reduces the Hilbert space H toH the space of L 2 functions on CS 3 . In Ref: [19] the analogous result has been shown for SO(N, R) where the Hilbert space is reduced to L 2 functions on S N −1 . Next let me quantize the cross-simplicity constraint part of the BarrettCrane constraint. Let me quantize a pair of triangles 1 and 2 of a tetrahedron. A general quantum state that just satisfy the simplicity constraints B 1 ∧ B 1 = 0 and
2 . This implies that the cross-simplicity constraint B 1 ∧ 2 Please notice that
B 2 = 0 require the simultaneous rotation of
The harmonic expansion of f (x 1 , x 2 ) in terms of the basis function
), where I have assumed all the repeated indices are either integrated and/or summed over. Then,
where the last result is got by re-assembling various terms from the previous result. Now for any h ∈ SL(2, C),
where C's are Clebsch-Gordan coefficients of SL(2, C) [10] , [20] 3 . Using this I can rewrite the g L and g R parts of the result (7) as follows:
and
To satisfy the cross simplicity constraint the expansion of gf (x 1 , x 2 ) must have contribution only from terms with χ L = ±χ R . In the expansion in equation (8) and equation (9) in the right hand side the terms are defined only up to a sign of χ L and χ R . Let me remove all the terms which does not satisfy χ L = ±χ R (say = ±χ). In resulting expansion, for a given χ, in the terms I replace −χ wherever they appear with χ. Now the Clebsch-Gordan coefficients terms in the expansion can re-expressed using the following:
3 I derived this equation explicitly in the appendix of [21] .
where h,h ∈ SL(2, C) and dh the bi-invariant measure on SL(2, C). The final expression for gf ( x 2 ) that satisfies the cross-simplicity constraint is of the form
Then if Ψ(x 1 , x 2 , x 3 , x 4 ) is the quantum state of a tetrahedron that satisfies the simplicity constraint, it must be of the form
where the general form is deduced by requiring that for every pair of variables with the other two fixed, the function must be the form of equation (10) . Now the quantization of fourth constraint demands that Ψ is invariant under the simultaneous complex rotation of its variables. This is achieved if F χ1χ2χ3χ4 (h) is constant function of h. Therefore the quantum state of a tetrahedron is spanned by
where the measure dn on CS 3 is derived from the bi-invariant measure on SL(2, C). The above intertwiner is simply the Barrett-Crane (BC) intertwiner for complex general relativity. I would like to refer to functions T χi (g(x i ) as the T -functions here after.
The squares of areas of the triangles of the tetrahedron are given by η IK η JL B IJ B KL . The eigen values of squares of areas in the complex Barrett-Crane model from equation (3) are given by
I can clearly see that the area eigenvalues are complex.
Properties of Complex Spin Foam
• Propagators:
Laurent and Freidel have investigated the idea of expressing spin foam amplitudes of simplicial three surfaces as Feynman diagrams [22] . Let σ be a four simplex. Let n i ∈ CS 3 be a vector associated to the i th tetrahedron of the four simplex. The propagator of the complex spin foam is given by G(n i , n j ) between the faces i and j is given by
where χ ij is a representation associated to the triangle common to i th and j th tetrahedron of the four simplex. If X and Y belong to CS 3 then
where X.Y is the euclidean dot product and tr is the matrix trace. If
From the expression for trace of SL(2, C) representations, (appendix A, [10] ) I have the propagator for the complex spin foam calculated as
where η ij + iθ ij is defined by n i .n j = cosh(η ij + iθ ij ). Therefore spin networks of a closed simplicial three surface can be defined using propagators on the complex three sphere where the propagators are eigen states of area operators η IK η JL B IJ B KL .
• Using the expansion for delta on the group SL(2, C) I have
where the suffix on the delta's indicate the space in which they are defined. Therefore χχG χ (X, Y )) = 8π 4 δ CS 3 (X, Y ).
• Consider the orthonormality property of the unitary representations of SL(2, C) given by
where the delta on χ ′ s is defined up to a sign of the χ ′ s. From this I have
3 Spin Foams for real general relativity
Barrett-Crane have proposed intertwiners for Lorentzian general relativity [11] where the constraint imposed in case of the Lorentzian general relativity is given by
As I discussed in the introduction this reduces the complex valued squares of areas of complex general relativity to the real valued ones. This constraint need to be satisfied by the bivectors associated to a tetrahedron and their sums. This is the the reality constraint in case of spin foam quantum gravity as will be implied by analysis in this section. Now I would like to try to deduce spin foam models for real general relativity from that of the complex general relativity, purely by imposing the reality constraints. By this I mean:
1. The form of the intertwiner is the same as that of complex general relativity, 2. The squares of areas of triangles calculated from their associated bivectors must be real which I would like to refer to as the self-reality constraint and 3. The area eigen values calculated from sum of two bivectors must be real which I would like to refer to as the cross-reality constraint My proposal is to use these principles to derive reduced spin foam models. Later one can convince oneself by identifying and verifying that the BarrettCrane constraints are satisfied for a subgroup of SO(4, C) for each of the reduced model. I would like to show that these three property help me deduce intertwiners for all signatures of real 4D general relativity theories.
Let P be a projector which reduces the Hilbert space D χL ⊗ D χR to reduced Hilbert space such that the the reality constraints are satisfied. Let me assume that now the complex three sphere is replaced by its subspace X due to projection. Now I expect, the projected complex BC intertwiner is spanned by the following states for all χ i satisfying the reality constraint in equation (11):
wheredg(n) is reduced measure of dg(n) on X. The imposition of the constraint expressed in quantum level sets ρ i or n i to be zero on each vertex of the complex BC intertwiner. Let me rewrite the projected intertwiner as follows.
where δ X (x, y) is the delta function of the X. Since X is a subspace of SL(2, C), a harmonic expansion can be derived for δ(x, y) using representations of SL(2, C).
Since the intertwiner must obey the cross reality constraint the harmonic expansion must only contain simple representations (ρ or n is zero). To preserve the form of the intertwiner I must have
where Q is the set of all simple representations required for the expansion. So basically the number of reduced intertwiners derivable is directly related to the possible solutions for this equation (subjected to Barrett-Crane constraints). The equation of the complex three sphere is
There are four different topologically inequivalent maximal subspaces of CS 3 such that the harmonic expansion on this spaces use simple representations only. They are namely the three sphere S 3 , real hyperboloid H + , imaginary hyperboloid H − and Kleinien hyperboloid 4 K 3 . Each of these subspace X are maximal real subspaces of CS 3 , they are all homogenous and effective under the action of a maximal real subgroup 5 G X of SO(4, C) which I would like to discussed in the next paragraph. There exists a G X invariant measure d X (x). The reduced bivectors acting on the functions on X effectively takes values in the Lie algebra of G X . Since the measure d X (n) is invariant, the reduced intertwiner is gauge invariant. So the intertwiner I X must correspond to the quantum general relativity for the group G X .
Let the coordinates of n = (x, y, z, t) be restricted to real values here after in this section. Let me discuss the various reduced intertwiners :
1. ρ = 0, this consists of χ = (0, n) type representations only: This corresponds to X = S 3 , satisfying
which is invariant under the maximal real subgroup SO(4, R). So this case corresponds to Riemannian general relativity. The appropriate projected T functions are representation matrices of SU (2) ≈ S 3 and measure for the integral is the bi-invariant measure of SU (2). The intertwiner I get is the Barrett-Crane intertwiner for Riemannian general relativity. Here the χ ′ s can be replaced by J ′ s and complex three sphere by real three sphere. The case of going from complex general relativity to real Riemannian general relativity is intuitive. It is a simple process of going from complex three sphere to its subspace the real three sphere.
2. n = 0, this consists of χ = (ρ, 0) representations only: This corresponds to X as space-like hyperboloid (only one sheet), G X = SO(3, 1, R):
The intertwiner now corresponds to Lorentzian general relativity. This intertwiner was introduced in [11] . Representations of Lorentz group with real hyperboloid have been studied by Gelfand and Naimarck [10] , from which I can find the T functions as
where ξ ∈ null cone intersecting t = 1 plane in Minkowski space. Here ξ replaced (z 1 , z 2 ) in the T -function T χ (g(x))(z 1 , z 2 )of the complex general relativity. An element g ∈ SO(3, 1) acts as a shift operator as follow:
This intertwiner was first introduced in [11] .
3. Combination of (0, n) and(ρ, 0) representations: There are two possible models corresponding to this case. One of them has X as the Kleinien hyperboloid
with G X = SO(2, 2, R) and isomorphic to SU (1, 1) ≈ SL(2, R). The intertwiner now corresponds to Kleinien general relativity. The T -function functions are of the form T χ (k(n))(z 1 , z 2 ) where z 1 and z 2 takes real values only (please refer to appendix C ), χ = 0. The representations for n = 0 and ρ = 0 cases are qualitatively different. The representations for ρ = 0 is called the continuous representations and n = 0 is called the discrete representations, k is an isomorphism from Kleinien hyperboloid to SU (1, 1) defined by
The action of g ∈ SO(2, 2, R) on the T functions is
where g(x) is the result of action of g on x ∈ X.
4. The second model for Combination of (0, n) and(ρ, 0) representations: This corresponds to time-like hyperboloid, with G X = SO(3, 1),
where two vectors that differ just by a sign are identified as a single point of the space X. The corresponding spin foam model has been introduced and investigated before by Rovelli and Perez [12] . Similar to the previous case, I have continuous and discrete representations (n = 0), with the T -functions given by
where l is an isotropic line 6 on the imaginary hyperboloid with direction ξ, going through point a on the hyperboloid and θ is the distance between l(a, ξ) and l(x, ξ) given by the Lorentzian scalar product cos θ = a.x. I have for g ∈ SO(3, 1, R),
The corresponding spin foam model has been introduced and investigated before by Rovelli and Perez [12] .
The squares of areas of the triangles of the four simplex associated a representation χ are described by the same formula 7 ,
The squares of areas are negative or positive depending on whether ρ or n is non-zero. 6 A line [10] on a imaginary hyperboloid is the intersection of a 2-plane of the Minkowski space with the hyperboloid. The line is called isotropic if the Lorentzian distance between any two points on it is zero. An isotropic line l is described by the equation x = sξ + x 0 , x is the variable point on l, x 0 is any fixed point on l, and ξ is a null-vector. For information please refer to [10] 7 Please refer to the end of appendix C regarding differences between the Casimers of SL(2, C) and SU (1, 1).
Discussion

A Lorentzian general relativity model.
We have two intertwiners for Lorentzian general relativity, one corresponding to the space-like hyperboloid H + [11] and another to the time hyperboloid H − [11] , [12] . We can consider a tetrahedron is space-like (time-like) if it is associated with the intertwiner related to the space-like hyperboloid. This is justified because in the semi-classical limit the tetrahedron becomes a spacelike (time-like) hypersurface. I can construct quantum amplitudes for general four simplex with each tetrahedron of the 4-simplex either time-like or spacelike. The intertwiners are straight forward to construct. This model is a more general form of the Lorentzian spin foam model. Let me next discuss the various propagators associated to this model.
The propagator from a space-like tetrahedra with associated vector t 1 ∈ H + to another space-like tetrahedron in the same simplex with associated vector t 2 ∈ H + is given by
where unit vector l is an element of the positive light cone intersecting t = 1 hypersurface in Minkowski space-time, dl is measure on the intersection. This propagator has been introduced and discussed by Barrett-Crane [11] . The propagators between time-like tetrahedra were discussed by Rovelli-Perez and I refer the readers to the related article Ref: [12] for the details. In case of a pair of space-like and time-like tetrahedron, since the associated intertwiners are elements of the same Hilbert space, I can define a propagator through common triangles associated with continuous (ρ = 0) representations. The propagator from a time-like tetrahedron associated with a vector t ∈ H − to a tetrahedron with associated with space-like vector s ∈ H + is given by
where unit vector l is the element of the positive light cone with time component equal to 1 and dl the measure on it. One very important difference between this propagator and the other two propagators referred to before is that there is no completion relation for this propagator, such as
where an formal propagator between two elements x 1 , x 2 of some space X is summed and integrated over all possible representations. To calculate this integral, using the Lorentz invariance of the integral, I can define the space time coordinates such that t = (1, 0, 0, 0), s = (sinh η, 0, 0, cosh η), l = (1, n) where n is a 3D unit vector expressed in terms of θ, φ coordinates. Then the integral is
where cos θ has been replaced by a new variable z. Let q = sinh η − z cosh η.
When z varies between −1 and +1, q varies between e η and −e −η . In this range q is zero only once when z = tanh(η). Rewriting the above integral using q as the variable of integration I get,
By setting q = e x , I get
This integral does not have a clear limit. But by assuming that ρ has a small positive imaginary part I get the following result:
Extended Real general relativity.
I deduced the various intertwiners corresponding to the various signatures of real general relativity from complex general relativity. By using each of these intertwiners I can construct quantum four simplices for each signature. By splicing these quantum four simplices on tetrahedrons with common representations I can construct a spin foam model which I would like to refer to as the spin foam model for extended real general relativity. Putting together various signatures to describe classical or quantum general relativity has been considered before. For example, Hawking [23] has spliced a Euclidean general relativity (imaginary time) model in the initial stage of the universe to its Lorentzian future. But Hawking theory is slightly different from ours. In Hawking's theory Euclidean general relativity has imaginary action and so it contributes amplitudes instead of phases to the path integral. In our theory the action that is used for spin foam quantization is always real as is described in Ref: [13] . Also it has been thought about before that quantum general relativity to be unitary must all the signatures to keep the theory unitary. So the classical and quantum extended real general relativity are interesting theories to look for new physics.
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A The representation theory of SL(2,C)
The Representation theory of SL(2, C) was developed by Gelfand and Naimarck [10] . The general representation theory of SL(2, C) can developed using functions on C 2 which are homogenous in their arguments (These functions need not be holomorphic but infinitely differentiable may be except at the origin (0, 0)). Space of functions D χ where χ is a pair (χ 1 , χ 2 ) consists of functions f (z 1 , z 2 ) on C 2 whose homogeneity is described by Let g is an element of SL(2, C) given by
where α,β,γ and δ are complex numbers such that αδ − βδ = 1. Then the Dχ representations are described by action of an unitary operator T χ (g) on functions φ(z ) of a complex variable z as given below:
This action on φ(z) is unitary under the inner product defined by
where d 2 z = i 2 dz ∧ dz and I would like to adopt this convention everywhere. Completing D χ with the norm defined by the inner product makes it into a Hilbert space H χ .
Equation (12) can also be written in kernel form,
Here T χ (g)(z 1 , z 2 ) is defined as
where
is the analog of the matrix representation of finite dimensional unitary representations of compact groups. An infinitesimal group element a of SL(2, C) can be parametrized by six real real numbers ε k and η k as shown below [24] 
where the σ k are the Pauli matrices. The corresponding six generators of the χ representation are H k and F k . The H k correspond to rotations and the F k correspond to boosts. The bi-invariant measure on the group g is given by
This measure is also invariant under inversion in SL(2, C). The Casimir operators for SL(2, C ) is given by
and its complex conjugateC where
The action of C (C) on elements of D χ is reduces to multiplication by χ The Fourier transform theory on SL(2, C) was developed in [10] . If f (g) is a square integrable function on the group, it has a group Fourier transform defined by
where is F (χ) is linear operator defined by the kernel K χ (z 1 , z 2 ) as follows:
The associated inverse Fourier transform is
where dχ indicates indicates integration over ρ and summation over n. From the expressions for Fourier transforms I can derive the orthonormality property of T χ representations,
where T † χ is the Hermitian conjugate of T χ . The Fourier analysis on SL(2, C) can be used to define Fourier analysis on complex three sphere CS 3 . If x = (a, b, c, d) ∈ CS 3 then the isomorphism g : CS 3 −→ SL(2, C) can be defined by the following:
and its inverse is
where the dx is measure on CS 3 equal bi-invariant measure on SL(2, C) under the isomorphism g.
The expansion of delta function on SL(2, C) from equation (15) is
Let me calculate the trace tr [T χ (g)]. If λ = e ρ+iθ and 1 λ are eigenvalues of g then
which is to be understood in the sense of distributions [10] . The trace can be explicitly calculated as
Therefore expression for delta on SL(2, C) explicitly is
Consider the integrand in equation (15) . Using equation (14) in it I have
But since the trace is insensitive to an overall sign of χ, so are the terms of Fourier expansion of L 2 functions on SL(2, C) and CS 3 .
B Unitary Representation theory of SO(4,C)
The group SO(4, C) is related to its universal covering group SL(2, C)×SL(2, C) by the relationship SO(4, C) ≈
. The map from SO(4, C) to SL(2, C) × SL(2, C) is given by the isomorphism between complex four vectors and GL(2, C) matrices. If X = (a, b, c, d) then G : C 4 −→ GL(2, C) can be defined by the following:
It can be easily inferred that det G(X) = a 2 + b 2 + c 2 + d 2 is the Euclidean norm of the vector X. Then in general SO(4, C) rotation of X to another vector Y is given in terms of two arbitrary SL(2, C) matrices g
where . Unitary representation theory of the SL(2, C) × SL(2, C) is easily got by taking the outer products of two Gelfand-Naimarck representation theory of SL(2, C). The Fourier expansion for any function f (g L , g R ) of the universal cover is given by 
This implies that for f (g L , g R ) = f (−g L , −g R ),I must have (−1) nL+nR = 1. From this I can infer that the representation theory of SO(4, C) is deduced from the representation theory of SL(2, C) × SL(2, C) by restricting n L + n R to be even integers. This means that n L and n R should be either both odd numbers or even numbers.
C Representations of SU (1, 1)
The representations of SU (1, 1) ≈ SL(2, R) [25] is defined similar to that of SL(2, C). The main difference is that the D χ are now functions φ(z) on C 1 . The representations are indicated by a pair χ = (τ, ε), ε is the parity of the functions (ε is 0 for even functions and 1 2 for odd functions) and τ is a complex number defining the homogeneity:
where a is a real number. Because of homogeneity the D χ functions can be related to infinitely differentiable functions φ(e iθ ) on S 1 where θ is the coordinate on S 1 . The representation are defined by T χ (g)φ(e iθ ) = (βe iθ +ᾱ) τ +ε (βe −iθ + α) τ −ε φ( αz +β βz +ᾱ ).
There are two types unitary representations that is relevant for quantum gravity: Continuous series and discrete series. For the continuous series χ = (iρ − . The Casimer of the two groups differ by a factor of 4.
